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Pabt II. Partial Differential Equations of the Second Order. 

1. The Cauchy-Kowalewski Theorem. As in Part I, our work 
depends directly on the Cauchy-Kowalewski theorem for equations of the 
second order.* Let us consider a partial differential equation of the second 
order in one dependent and two independent variables, 

(1) F[_x, y, z, p, q, r, s, t~] = 

where p = dz/dx, q = dz/dy, r = d 2 z/dx 2 , s = dH/dxdy, t = dH/dy* ; and let this 
equation be solved for r, 

(2) r =/[>, y, z,p, q, s, (]. 
Theorem : Then there exists one and only one solution 

z = v{x,y) 
which satisfies the boundary condition, 

(3) z~\ =*(y), p] =Kv) 

where <f>(y) and ^r(y)are each ^reassigned analytic functions of y near y = y , 
provided thatf[x, y, z, p, q, s, t~\ is a single valued analytic function of x, y, 
z, p, q, s, t near the point x = x , y = y , z = z = <f>(y ) , p — p = ^(yo) » 
q = q = <f>'(y ), s = s = f(y Q ), t = t = <f>"(y ), and v(x,y)is analytic near 
<a*. yo) .' where <$>'{y) = d<j>(y)/dy, <j>"(y) = dfy(y)/dip, etc. The equation 
(2) is said to be in normal form, if this condition is satisfied. The equation 
(1) can be put in the form (2) where/ (x, y, z, p, q, s, t) is analytic at 
the point specified, provided F(x, y, z, p, q, r, s, t) is analytic, and dF/dr £ 0, 
at the point (x Q , y , z , p , q , r , s Q , t ) , where F[x , y , z , p Q , q , r , s , < ] = 0. 

Geometrically the theorem states that one and only one analytic integral sur- 
face of (1) (corresponding to each single valued solution of the form (2)) 
exists, upon which lies a given strip (curve with appended tangent planes) of 
which the curve lies in a plane parallel to the plane of TOZ, provided only 
that i^is analytic along the given strip in the manner specified above. 

Following Part I, we will then try to find those strips in space for which 

* See footnotes, p. 121. 
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the equation (1) cannot be put into normal form, and for which, for this 
reason, the Cauchy-Kowalewski theorem may fail. 

2. Characteristic Strips on a given Integral Surface. Let 
there be given an integral surface 



(4) 



v(x,y) 



where v (x, y) is a known analytic function of x and y. We will first deter- 
mine those strips which lie on this surface, and for which the Cauchy-Kowalewski 
theorem may fail. Let y = ~K(x) be the equation of a curve on the surface (4) 
where \(x) is an analytic function of x. The strip determined by this curve, 
and the tangent planes to the surface (4) at each point of the curve is then 
given by the equations 



(5) 



y = \{x) 
z = v(x, y) 



P = 



_ 2v(x, y) 

dx 

M«. y) 
3y 



or 



y = X(as) 

z = v(x, X(x)) 



P = 
Q = 



dv(x, y)~ 






By 



Let us now transform the equation (1) by the transformation 
(6) ^=y-X{x) ^ <x = y x 

{yi=x (y = «i- 



i+Myi) 



by means of which p and q are transformed as follows 



o 



to 



or 



(p = 

U = 



= PiX(x) + q % 



where X'(x) = d\(x)/dx; and the strip (5) goes into the strip 
(8) fa;i=0 i>i = <Myi) 

v " 1* = /*(yi) ?i = Myi) x '(yi) + Mvi) = A*'(y0 

which is of the form (3) to which the Cauchy-Kowalewski theorem applies. 
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where K^i) and <f>. 2 (yi) are any analytic functions of y u and m'(2/i) 
= dp(yi)/dyi- The second derivatives r lf 5,, ^ are given by the equations : 

a 2 * 

ri ~ aF C»- = r 1 \' 2 -2s 1 \' + <i- j p 1 \" 



(9) 



a 2 z 



aajj ay x 



a 2 2 

(^ = -5-y = r + 2s\' + t\' 2 + q\" 



a = «i — rjX' 



where \' = d\(x)/dx = d\(yi)/dyi, etc. ; and hence the transformed differen- 
tial equation is 

<10) F[y x ; x x + \{y x ) ; z ; ft +_pi* ;.Pi 5 n*"- 2« 1 X' + d -i>iX" ; «! -^X' ;rj= 0. 
Hence if i* 7 is analytic and oF/dr x ^ near the point x x = 0, y x = y x , 

z = Kyi). -Pi = fo(yO. -Zi = M'(y0. n = xOO- *i = $(yi)> *i = /»"(yi). 

where x(l/i) 1S such that (10) is satisfied, then the strip (5), by the theorem, 
determines uniquely an analytic integral surface. Or, as in §2, Parti, we 
may transform back into the old variables and substitute v(x, y) throughout 
for z, and then X(x) for y, which will be equivalent to the above substitution 
since (4) is a solution of (1), and since (7) and (9) give the same values 
for p, q, r, s, t as are obtained from p = v x [x, \(x)], q = v v \x, \{x)~], 
r = v xx [», X(x)], etc. 
But if 

(11) dF - dF r dx ( g ) l 8 dF dx ( x ) M'-n 

dr x " dr |_ dx J ds dx dt 

when v(x,y) is substituted for z, and then \(x) is substituted fory, theCauchy- 
Kowalewski theorem may fail for the strip (5). If then p(x,y) is substituted 
throughout for z in (11), this equation becomes an ordinary differential equa- 
tion of the first order and second degree for y as a function of x, 

(11«) *(*, y) (|) 2 - S(x, y) -g + T(x, y) = 0, 

where R, S, T are the functions of x and y obtained from dF/dr, SF/ds, 
dF/dt respectively, when v(x, y) is substituted for z. Any solution of this 
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(12) 



equation y = X(x) defines a strip (5) for which the Cauchy-Kowalewski 
theorem may fail. Any curve 

y^X(x) 

z = v(x,y) 

which lies on an integral surface (4) will be called a characteristic curve, if 
y = X(x) is a solution of (Ha) .* The corresponding strip(5) will be called a 
characteristic strip, where the tangent plane attached to the curve at each point 
is the tangent plane of the surface (4) at that point. 

It is clear that there will be two one parameter families of characteristic 
curves, in general, on every integral surface, of which two curves and but two 
will pass through any given point of the surface. These two one parameter fami- 
lies correspond to the two solutions of (Ha) , as an algebraic equation for dy/dx. 
The two families will be both real, both imaginary, or coincident, accord- 
ing as S 2 — ART > 0, <0, =0, on the surface (4). The equation (1) is called a 
hyperbolic, elliptic, or parabolic equation on the surface (4), or in any region 
upon it, in these three cases respectively. 

Any other curve of the type (12) on the surface (4) together with its strip 
determined by (5) evidently determines the integral surface (4) uniquely, 
provided F is analytic along the strip. 

We have tacitly assumed that R & identically in x and y on the surface 
(4) . If R = 0, we can evidently do the same work by interchanging x and y 
throughout unless 7 also vanishes identically on the surface (4), or by replac- 
ing x and y by x — y and x + y respectively, unless 8 = on the surface (4) . 
If R = 0, T= 0, and 8 = (so that RT -S 2 = 0) on the surface (4) , we will 
call (4) a singular integral surface,^ and we will exclude such a surface explic- 
itly in the statement of all our theorems, for it is evident that any curve on 
such a surface would satisfy the equation (11a), and that for it the Cauchy- 
Kowalewski theorem might fail. 

It is evident that the same equation (Ha) after dy/dx is replaced by 
\_dxjdy~]- 1 determines whether a curve of the form 



(13) \ X - X °. . or \ X - X °. . 

v ' \z = v(x, y) \z = v(x , y) = fi 



(y) 



* Equation (11a) •will be recognized as the principal equation of the characteristics , as or- 
dinarily derived. See Sominerfeld, Ency. d. Math. Wiss. ,11, A, 7, p. 598; von Weber, I. c, p. 
366; Goursat, I. c.,2 ordre, I, p. 172. 

t Compare p. 127, Art. 2; and see Darboux, I. e. 
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together with its corresponding strip, satisfies the requirements of the Cauchy- 
Kowalewski theorem, if F is analytic along the strip. For the requirement is 
precisely that R ^ along the strip, and the equation (11a) reduces to this 
form for a curve of the above type. 

3. The Characteristic Strips in Space. If the equation of the 
integral surface (4) is unknown, we shall have to determine fi(x), <f>i(x), <f>i( x ) 
as well as X(x) , in order to determine the characteristic strip (5) . The values of 
y,z,p, q, r, s, t, as functions of x which satisfy (11) will then be given by 
y = \(x), z = f i(x), p=$ l (x), q=4> 2 (x), r = <f> 3 (x), s =<f> i (x), t = <f> b (x), 
say, for which the following several relations (13) must hold. First, 

(13a) F[_x, \(x), n(x), ft (as), <f> 2 (x), <fc$(x), <j>i(x), 4> 6 (x)~\ =0 

since the quantities substituted in (11) are to satisfy (1). Moreover since 
v(x,y) is a solution of (1) we have 

(136) F[_x ; y ; v(x, y) ; v x ; v y ; v xx ; v xy ; v yy ] = 

identically in x and y. Hence the total derivatives of F with respect to x and y 
formed from this equation vanish identically in x and y. Tf we introduce the 
notation 

^ dF BF dF dF 

dx * dz dp oq 

(!3c) 

^ dF BF dF dF 

we may write these relations as follows : 

(^ = X+aR + 08 + yT=0 

(is**) ;; 

[~= Y + /3R + y8 + ST=0 

where a = dHjdx 3 , /S = d 3 z/dx 2 dy, y = d 3 z/dxdy 2 , B = dh/dy 3 . We have also the 

identities 

■z' = p + qy' 7 J = a + &y' 

(13e) . p' = r + sy' s> = £ + yy' 

q'=s + ty' t'=y+Sy' 

where y' = dy/dx, z'=dz/dx, etc., which are identically satisfied in x, when 
v(x, y) is substituted for z, and then \(x) is substituted for y. Eliminating 
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a, /9, 7, 8 between these ten equations (13) and combining with (11a) which 
X, ft, </>!, </> 2 , <f> s , fa, fa must also satisfy, we obtain for these functions the 
following equations 

'(a) F\x, \(x), fi(x), fa{x), fa(x), fa(x), fa(x), fa(x)]=0 

(b) By' 2 - Sy' + T=0 

(c) z' = p + qy' 

(14) ,1 (d) p' = r + sy' 

(e) q' = s + ty' 

(f) X+ r'B + #'(# - By') = 
^(g) Y+ s'B + t' (S- By') = 0. 

These seven equations are however not independent, for we obtain the same 
result if we differentiate (14a) with respect to x totally, or if we multiply (1 ig) 
by y' and add it to (14/") . The equations (14) then constitute a set of six in- 
dependent ordinary differential equations for the seven variables y, z, p, q, r, s, t 
as functions of x. If one of them, say y = \(x), be chosen at pleasure, the 
remainder will be given uniquely if we further assign their values for any con- 
stant value of x. We will call a set of solutions of (14) a characteristic torsion 
strip,* since the torsion (r, 5, t) as well as the tangent plane (p, q) will be 
determined at each point (x, y, z) of the curve. Hence follows the 

Theorem : Given any preassigned set of constant values of the solutions, 
#o> yo> z<hi?0) ?o> r o> *o> h, that **» a fixed torsion element at a point x , y , z , 
we have one and only one characteristic torsion strip through this element, cor- 
responding to any choice of a certain arbitrary function. The simple strip 
contained in this characteristic torsion strip will be a characteristic strip, and 
the curve contained in this will, in turn, be a characteristic curve. But more 
than one characteristic strip may be arranged along a given characteristic curve, 
and more than one characteristic torsion sti-ip along each characteristic strip, 
although, in general, the characteristic curves, strips and torsion strips will be 
paired in a one-to-one manner. 

For the linear equation 

(15) A(x, y)r + B(x, y)s + C(x, y)t- D{x, y, z, p, q) 



* See, e. g. Goursat, I. c. 2 ordre, I, p. 173, etc. 
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the equation (11) becomes 

(116) A(x,y)(^y-B(x,y) d g+ C(x,y) = 

which does not contain z, p, q, r, s, t. This case is then especially simple, 
though simplifications also arise in more general cases. Here it is not necessary 
to substitute for z, p, q, r, s, t, as in general. There are two one parameter 
families of solutions of (116) of the form y = X.(x) . Any strip in space whose 
projection on the (a;, y) plane is one of these curves, and which lies on an 
integral sm-face, is a characteristic strip. It is easy to show that the equations 
(146), (14c), (14c?) , (14e) can be solved separately for z, p, q'm this case. 
For having found y = \(x), a solution of (116), it results from an algebraic 
calculation that we may replace the first five of equations (14) by the equations 
(15), (116), and the equations 



z'=p+qa ( _ B ± \JB* - 4AC 

C . D 



/ B±)JB 2 - 4AC\ 
C a= 13 ) 



and these equations contain neither r nor s. If z = f*(x) be taken at pleasure, 
these two equations can be solved to find p = <j>i(x'), q = <f>?(x), involving, in 
general, one arbitrary constant. Hence along any curve whose projection is 
one of the two parameter families of solutions of (116) there exist, in general, 
a one parameter family of characteristic strips of the equation (15). 

From this point on, the development of the theory would follow exactly 
the ordinary course. We should next prove the two theorems : 

(1) Every integral surface of (1) containing a given torsion element 
(*o» y<» z o> Po> <7o> r o» s o> ^o>) an d a certain characteristic curve onwhich the given 
torsion element lies, also contains the whole characteristic torsion strip determined 
by the given torsion element and the given characteristic curve, provided that 
£P — 4BT =£ along the given characteristic curve. Or, any two integral 
surfaces through the same characteristic curve, having double contact at one 
point of that curve, have double contact along its entire length, provided that 
S 2 — AJRT =£ along the curve, which special case is left for later investigation. 
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(2) A characteristic strip actually does not determine uniquely the integral 
surface on which it lies : — on the contrary, there are an infinite number of in- 
tegral surfaces through this same strip; and in fact ( provided /S 2 — &MT& 
along the curves used) if two characteristic curves belonging to different families 
pass through the same torsion element, one and only one integral surface exists 
which passes through the two curves. 

The proof of these two theorems, as well as the remainder of the ordinary 
theory, we will pass over in silence. The statement of these theorems was, 
however, essential to establish our point of view of the characteristics, as those 
curves which, together with their appended tangent planes, actually do not deter- 
mine uniquely the integral surface on which they lie. 

It results from a further development that the theory of characteristics is 
valuable in the actual solution of problems, and whole classes of equations can 
be treated by methods based on it, so as eventually to effect their complete 
solutions, f 

But it is clear that we cannot proceed to reduce the solution of the partial 
differential equation of the second order (1) to the solution of a set of ordinary 
differential equations, as we did in Part I for a partial differential equation of 
the first order. For the equations (14) comprise only six independent equa- 
tions for the seven variables y, z,p, q, r, s, t as functions of x, and these are 
all the relations which can be obtained. 

4. The Integral Strips. Let us now seek, as in Part I, §4, all those 
strips in space for which the Cauchy-Kowalewski theorem may fail in the above 
sense. Such strips we will call integral strips. It is evident that the charac- 
teristic strips will be included among the integral strips, and that an integral 
strip which is not a characteristic strip does not lie on any integral surface. 

Since we do not assume that the strip 

lies on an integral surface, it will be necessary to return to the substitutions 
for y, z,p, q, r, s, t, in Art. 2, in order to determine the substitutions which 

* See Goursat, I. c, 2 ordre, II, pp. 184-5. 
t See Goursat, I. c, 2 ordre, I and II. 
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These are given by the substitu- 



we must make in (11) for y, z, p, q, r,s, t. 
tions (6), (7), (9) in the following form : 



(17) 



'as = yi 

y = x\ + H 1 m) 

z = z 

IP = ft - ypl 
<1=P1 



= X 

= + \(x) 

= fi(x) 

= n'{x) — <f>z(x) *'(»0 

= M x ) 



]r = r 1 \' 2 -2s 1 X'+< 1 -^ 1 \"= x (x)\' i -2^' 2 (a;)\'(a;) + /m" (x) - <f> 2 (x)\" (x) 
s = s 1 — r{\,' = <f>' 2 (x) — x(x) X'(as) 



t = r, 



= x( x ) 



\F(x, y, z, p, q, r, s, t) =-- 

since we were to substitute x x = 0, y\ = ij\, z=fi(y 1 ), Pi = 4>%(yi), 
Qi = /*'(yi). r i = X(yi)> *i = <t>i(Vi)> k = M"(yi) ; where xiVi) is determined 
by the condition that (1) be satisfied in the transformed variables. 
The conditions (17) will be satisfied by the strip (16) if 



(18) 



f(«) 
(*) 

(«) 
(d) 



F(x, \(x), fi(x), ^{x), fa(x), r, s, t,) = 0. 

<Z\(03) 



<Z/t(aj) , . . J . . dX(x) 



da; 
^j(x) 



da; 

d<f><i(x) 



dx 



= r + s 
— s + t 



dx 

d\(x) 
dx 



which are the only conditions upon the functions of x which are to be substituted 
in (11) for y, z, p, q, r, s, t. In general r, s, and t may be eliminated between 
(11) and (18) so as to obtain an equation 



(19) 



tV dy 

M[x, y, z, p, q, ^| , 



dy dp dq\ 
dx ' dx) 



0- 



This equation and (186) will be the only equations which the strip (5) must 
satisfy in order to be an integral strip and we will therefore, by analogy to Part 
I, call (19) the Monge equation of the equation (1). 

In general any two of the functions \(x), p(x), <f>i(x), <f> 2 (x), may be 



154 HEDRICK [July 

chosen at pleasure, and the other two found from (186) and (19). Thus if 
X(x) and /i(x) are given, (19)reduces, in general, by means of (186), toasingle 
ordinary differential equation for <f>i(x), say. Then <j>z(x) is determined from 
<f>i(x) by (186). Hence there will, in general, be a one parameter family of 
integral strips through any curve in space ; but this may not be true in a par- 
ticular example on account of the special form which the equations (18) may 
assume. 

For instance, for the linear equation (15) the equation (11) becomes 
(116), and it is not necessary to substitute for z,p, q, r, s, t, since only x and y 
occur in the equation. Having obtained, as above, the two one parameter 
families of curves in the XOY plane as solutions of (116), it is clear that any 
strip of the form (16) will be an integral strip, if and only if y = \(x) is among 
these curves. Hence any strip whatever through any curve in space whose pro- 
jection is a solution of (116) will be an integral strip of the equation (15) ,■ but 
no integral strip passes through any other curve in space. 

Returning to the general case of the equation (1), we obtain directly from 
the theorems of §3 the following 

Theorem : No integral strip determines uniquely an integral surface, there 
being more than one integral surface through every characteristic strip, and 
none at all through any other integral strip. For, by derivation, the charac- 
teristic strips are all those integral strips which lie on integral surfaces ; and 
hence no other integral strip can possibly lie on any integral surface. 

Let us then consider any strip 8 of the form ( 16) , which is not an integral 
strip. It is clear from the Cauchv-Kowalewski theorem, and from §2, that 
such a non-integral strip will determine uniquely an analytic integral surface 
through itself, for any portion of 8 for which F(x, y, z,p, q, r, s, t) is analytic, 
and for which (11) does not hold at any point x , y , z , p , q Q , r , s , t of the 
interval, where r , s , t are determined from (16) by (17) or (18). As in 
Part I, §4, we see that (11) cannot hold except at isolated points on S, since 
8 is supposed not to be an integral strip. At the exceptional points where 
(11) is satisfied, #(with its strip) is necessarily tangent to some integral strip. 
For, by hypothesis, the given values of as, y, z,p, q determine at that point values 
of r , s , t which, together with x , y , z , p , q , satisfy (11) . Or, the values 
of x , _y , z ,p , q , dy/dx~] , dz/dx^, dp/dx] , dq/dx~\ , obtained from S satisfy 
(19) and (186) ; and it is clear that such a set of constant values, which sat- 
isfy (186) and (19), determines in general one or more solutions of (186) and 
(19), or of the equations (11) and (18) from which these are derived ; t. e., one 
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or more integral strips.* Any one of these integral strips is then tangent to 8 
at the point x , y , z , in the sense that each of the torsion elements through the 
surface element x , y , z ,p , q , in which the strip 8 lies also contains the in- 
tegral strip in question.f For if the values ofX'(x), /*'(*), $'%(x) coincide at 
x o> yo> 2o».Po> ?o> then it appears from (17) that the values of r and s will coin- 
cide at that point, for any arbitrary choice of t (not necessarily satisfying (1)). 
Excluding these isolated points on 8 where 8 is tangent to some integral 
strip, i. e. where x , ?/,„ z , p , q , r , s , t , determined from (16) by (17) or 
(18) satisfy (11), any remaining portion of # uniquely determines an ana- 
lytic integral surface through itself, provided F is analytic at every point of 
this portion of 8. As in Part I, §4, if 8 lies wholly on an analytic integral sur- 
face, it determines that whole surf ace uniquely , irrespective of the above peculiar 
points. And the only other cases which can arise, aside from a mixture of the 
three, are those in which (1) 8 uniquely determines a single integral surface, 
which is analytic except at the excluded points ; or where (2) the portions of 8 
lying between excluded points determine pieces of different analytic integral 
surfaces. It is clear, for example, that if two analytic integral surfaces be 
given which have a common characteristic strip (§3), then a non-integral ana- 
lytic strip 8 may be drawn of which one portion lies on one of the given inte- 
gral surfaces, while another portion lies on the other surface ; the strip 8 being 
tangent to the given characteristic strip at the point where 8 crosses from one 
surface to the other. Such a non-integral strip evidently does not uniquely 
determine a single analytic integral surface along its whole extent, though each 
separate portion does uniquely determine an integral surface through itself. 
But it does determine uniquely an integral surface which is continuous and has 
a continuously turning tangent plane at the excluded point, and which is else- 
where analytic in the neighborhood of the strip, provided F is analytic along 8 
in the interval considered. We may then state the 

Theorem : Any strip 8 in space, of the form (16), which is not an integral 
strip, determines uniquely an integral surface which is analytic and which con- 
tains the given strip, for any portion of 8 in which no point lies at which 8 

♦Among these there will be, in general, one or more characteristic strips. Similarly in Part 
I, §4, there will be among the analogous integral curves in general one and only one characteris- 
tic curve; and the points to be excluded can be said with equal propriety to be those in which 
the curve in question (Part I) is tangent to a characteristic curve. 

fThe similar definition- of tangency of two curves might have been used in Part I, §4 : two 
curves are tangent at any point when each of the surface elements through that point, in which 
one of the curves lies, also contains the other curve. 
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is tangent to an integral strip, or at which F (x, y, z, p, q, r, s, t, ) is non- 
analytic-; the point x & , y , z , p , q , ?•„, s , t being found from (16) by 
means of (17) or (18) . But in any case any portion of 8 in which F is an- 
alytic at every point, uniquely determines an integral surface which is in gen- 
eral analytic, and which is at least continuous at the points ivhere 8 is tangent 
to an integral curve; and the integral surface so determined may be analytic 
even at such points. 

It is clear that the above work, and in particular this last theorem, holds, 
with a suitable change of notation, for a strip of the form 

f x = x p = ty(y) 

1* = A*(y) q = 4>'(y) 

which is of the t} r pe (3) for which the Cauchy-Kowalewski theorem was stated 
in §1. 

For the linear equation (15) we have seen that the integral strips were all 
those strips in space which project into any curve of the two one parameter 
families of solutions of (116). And we saw that, among these, the character- 
istic strips constitute in general a one parameter family along any space curve 
which projects into a solution of (116). Any strip 8 in space, along a curve 
K, will be tangent (as a strip) to an integral strip, if and only if Kis tangent 
to a curve which projects into a solution of (116). In particular the strip 
8 will certainly not be tangent to an integral strip if the projection of 7T on the 
XOT plane is not tangent to a solution of (116). Hence we obtain for the 
linear equation (15) the following 

Theorem : Given a curve G which projects into a solution of (lib), there is 
in general a one parameter family of characteristic strips through G, through 
each of which passes more than one integral surface of (15). Aside from, 
these characteristic strips, no strip through G lies on any integral surface 
whatever, since all strips through G are integral strips. Any strip 8 in space 
along a curve K, which does not project into a solution of (116), uniquely de- 
termines an analytic integral surface, for any portion of 8 in which no point lies 
at which F is non-analytic, or at which IT is tangent to a curve G which pro- 
jects into a solution of (lib). 

On account of the importance of the linear equation (15) , and on account 
of the special role which the solutions of (116) play in the theory, the two 
one parameter families of solutions of (116) are themselves often called the 
"characteristics" of (15). 
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5. Relation to the Calculus of Variations.* As in the case of 
equations of the first order, for equations of the second order also, we find an 
intimate relation between the theory of characteristics and the Calculus of 
Variations. 

Given the problem to render the integral 

(!) I=Cz'dr 

a minimum, under the auxiliary conditions 

(2) F(x, y, z,p, q, r, s, t ) = 

(3) z'=px' + qy' 

(4) p' = rx' + sy' 

(5) q' = sx' + ty' 

where z' = dzjdt, etc., t being a parameter, while x, y, «, p, q, r, s, t, F have 
the same meaning as in the last article. We transform the given problem 
again into the problem, to render the following integral a minimum, under no 
auxiliary conditions : 

I'= [ |~2' + \(z' - px' - qy') + fi(p'- rx'-sy') + v(q' - sx' - ty') + ttF] (It 

where \, fi, v, ir represent undetermined functions of t. We have as neces- 
sary conditions for the solution of the problem 

(a) 

(») 
(«) 



(6) 



^(-p\-fir-vs) 


dF 
dx 


-=- ( — qX — lis — vt) 


dF 

~ dy 


£w 


dF 



(d) ^(M) = -Xx'+J£ =-Xx' + 7rI> 

(e) ^(,) =-Xy' + 7r^- = -\y'+rrQ 
(/) - fix' + irR =0 

(g) - oy + **) + *s = ° 

(A) _ v y' + ttT = 



* For the statements made in this article see Kneser, Lehrbuch der Variationsrechnuny. 
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X' Trli ttT 

From (6c) , — = F„ ; from (6/) , p = — r ; and from (6h) , v = — r • 

Hence (6g) becomes 

ttH . tt r , ... 

or 

which coincides with equation (11) of the preceding article, the fundamental 
characteristic equation. Moreover, (6a) becomes on expansion 

(8) p\' + p'\ + H-r' + fi'r + vs' + v's + irF x = 0. 

Substituting from (6/) and (6A) and also from (66), (6d), and (6e) we have 

p*F, + p'\ + r'^ + r(7rP - Xxf) + s'^ + s(ttQ - \y>) + ttF x = 0, 
x y 

or 

r 7 Tf 7V 

ir[pF, + L^ + Pr+^-+ Qs + F x -]+\{p>- rx' - sy'] = 0. 
x y 

Buty — rx —sy' = by (4) ; and since X= F x + F z p + Qs + P<y, we have 



Likewise from (66) we obtain 



dx 
,ds Hx 



(10) Y+ B™ + ™ = 0. 

ax ay 

dx 

It only remains to show that (10) can be produced from (9), (7), and 
(2), as we have already done in § 3. We then have, for the determination 
of y, z, p, q, r, s, t, as functions of x which shall render the integral /' a min- 
imum (or /underthe conditions (2), (3), (4), (5)), the necessary conditions 
(7), (9) [or (10)], and (2), (3), (4), (5), which latter also result from (6) 
on proper elimination ; and these six exhaust the first necessary conditions 
for the solution of the given problem . But these equations (7), (9), (2), 
(3), (4), (5) are exactly the equations (14) of § 3 for the characteristic tor- 
sion strips. In other words, the solutions in y, z, p, q, r, s, t, as functions of 
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x, of the equations (14), are precisely the only possible solutions of the given 
problem of the Calculus of Variations ; or, the only possible solutions of the given 
problem of the Calculus of Variations are given by the characteristic torsion 
strips of the equation (2), regarded as a differential equation. 

We might now easily go on to set up, as we have done in Part I, § 6 for equa- 
tions of the first order, the equations of the common characteristics of two par- 
tial differential equations of the second order, and the condition that they be 
in involution, regarding the common characteristics as the common possible 
solutions of two problems in the Calculus of Variations, which reduce to a 
single problem of the type given above with one additional auxiliary condition 
of the type (2). Finally, we might seek the characteristics for two differen- 
tial equations of the first order in two dependent variables, and so on. These 
problems will, however, offer no essential difficulty to the reader, and we will 
not enter into a discussion of them here ; the main point of the existence of a 
connection between the theory of characteristics and the Calculus of Variations 
already having been demonstrated. 

Sheffield Scientific School, 
Yale University. 
February, 1903. 

Erratum. 

Page 139, line 7 : Instead of q = f'{y), read q = <t>'(y). 



ON THE UNIFORMITY OF THE CONVERGENCE OF CERTAIN 
ABSOLUTELY CONVERGENT SERIES 

By Maxime B6cher 
If the series 
(1) u t (x) +u 2 (x) + • ." • 

is absolutely and uniformly convergent for the values of a; in a certain interval, 
and if we rearrange the terms, will the resulting series necessarily be uniformly 
convergent? This question must be answered in the negative as the following 
example shows : 

/y.2 zv.2 ™2 ™3 

{ } x ~ x + yt~x~ 2 ~ TT& + (l + x 2 ) 2 ~ (i + x 2 ) 2 + • • • • 

X 2 

Here S 2n = 0, S in+1 = - . 



